If an ideal I of R[X] contains a monic, then every monic in I modulo JR[X] (J being an ideal contained in the Jacobson radical of R) can be lifted to a monic in /. This result is used to give an elementary proof of Horrocks' Theorem.
Introduction.
Let iî be a ring, J an ideal contained in the Jacobson radical of R, and let X denote an indeterminate.
In this note we show that if a left ideal I of R[X] contains a monic, then every monic in (i -I-JR[X])/JR [X] can be lifted to a monic in /. Using this, we show that when R is commutative and quasi-local, an invertible ideal I of R[X] which contains a monic is principal. This is the "rank one" case of Horrocks' Theorem: If P is a projective iî[X]-module which becomes free upon inversion of a monic, then P is free. We show that Horrocks' Theorem follows by induction, thus providing the simplest proof which has appeared to date of that crucial component of Quillen's solution to the Serre Conjecture. Next we show that I actually contains a monic of degree r + 1. We know that i contains a monic, and that an ideal containing a monic of degree d will contain a monic of each higher degree. It suffices to show that if i contains a monic of degree n > r + 1, then I contains a monic of degree n -1. Since n -1 > r, (I + JR\X])/JR [X] contains a monic ß of degree n -1. By the above, there is a monic h m I (necessarily of degree n -1) with h + JR[X] = ß, and we are done. 4. Horrocks' Theorem. As above, R denotes a commutative ring with unique maximal ideal m, k = R/m the residue field. We write A = R[X], S for the set of monies of A, and "bar" for the functor 0ñ k.
HORROCKS' THEOREM. Let P be a finitely generated projective A-module. If
Ps is a free As-module, then P is a free A-module.
PROOF. Since A has no nontrivial idempotents, P has a rank; say rank P = n. We proceed by induction on n.
When n -1, P is isomorphic to an ivertible ideal of A which contains a monic; indeed, if 4>: P -» A is an A-module map for which fis is an isomorphism, then I -<t>(P) is the required ideal. By Theorem 2, P is free. Now suppose n > 2. Let pi,... ,pn G P be an Ag-basis of Ps-We have that P is a free ic[X]-module of rank n. Using (for example) the normal form theorem for m X n matrices over a principal ideal domain (with m = 1), we can find a basis q1,..., qn of P for which pt = aq2, for some a G k [X] . Making use of an idea from [Roitman, Lemma 10] we set p = q\ + Xlpi, with t to be specified later. Then p = q~i+ Xtaq2, so p, q2,..., qn is a basis of P. We have sqi = Y^i=i aiPi f°r some s G S, oí,..., an G A. Thus sp = (ai + sXt)pi + J27=2 aiPi-Select t large enough so that a\ + sX* is monic. Then p,p2,... ,pn is an Ag-basis of PsWrite T -Í + miî [X] . Then m is contained in the Jacobson radical of AtSince p,q2,-..,qn span Pt = P, it follows that p,q2,... ,qn span P?. Since Pt is projective of rank n, we conclude that Pt is actually free, with basis p,q2,... ,qn. Now consider P' = P/Ap. Note that P's and PT are free of rank n -1. Any maximal ideal 371 of A either avoids S or avoids T, since if 9JI meets S the field A/dJl is an integral extension of the domain i2/(iín9Jt), which thus must be a field. Thus P¿¡ is free of rank n -1, and hence [Bourbaki, Chapter II, §5.2, Theorem 1] P' is projective. By induction, P' is free. Then P = Ap © P' is free, and we are done.
